Abstract. This paper presents a Differential Quadrature Element Method for free transverse vibration of a robotic-fish based on a continuous and non-uniform flexible backbone with distributed masses (represented by ribs) based in the theory of a Timoshenko cantilever beam. The effects of the masses (Number, Magnitud and position) on the value of natural frequencies are investigated. Governing equations, compatibility and boundary conditions are formulated according to the Differential Quadrature rules. The compatibility conditions at the position of each distributed mass are assumed as the continuity in the vertical displacement, rotation and bending moment and discontinuity in the transverse force due to acceleration of the distributed mass. The convergence, efficiency and accuracy are compared to other analytical solutions proposed in the literature. Moreover, the proposed method has been validate against the physical prototype of a flexible fish backbone. The main advantages of this method, compared to the exact solutions available in the literature are twofold: first, smaller time-cost and second, it allows analysing the free vibration in beams whose section is an arbitrary function, which is normally difficult or even impossible with analytical other methods.
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Introduction
The literature of robotic fishes and bio-inspired robots has several examples of structures using flexible materials that bend to produce thrust, for maneuvering [4] , [18] , and even for energy harvesting [2] . However, few works analyze the normal frequency of vibration of the flexible structures employed as a way to maximize and optimize the use of energy. This allows a relatively small force applied repeatedly to make the amplitude of the oscillating system become very large. The purpose of this work is to study the resonance in structures to create a steady motion with low energy in order to create robots with improved energy efficiency. Concretely, we take into consideration a fish robot composed of a flexible backbone, made of polycarbonate, and a series of relatively heavy (i.e. whose weigh is non negligible) ribs (Fig. 1) .
The dynamic characteristics of systems with flexible components is a very important issue that allows the study of robots based on a jointless structure. Some researchers have addressed the problem of vibration analysis of structures with distributed masses located at arbitrary positions using the Delta Dirac function [3] , introducing the mass in the boundary conditions [12] , using the Rayleigh-Ritz method [13] . or analyzing the case of flexible structures carrying distributed mass along the structure (including a free end) [8] , [9] , [16] , [5] . In all cases such cases, the authors use the Bernoulli-Euller beam theory to model simple structures, which is reliable just for slender beams. In order to increase the accuracy and reliability of studies, especially for the beams with low length-to-thickness ratio, the study of the natural frequencies of a Timoshenko beam with a central point mass using coupled displacement field method has been proposed (see, e.g., [17] ).
The Differential Quadrature Element Method (DQEM), provides a powerful numerical method to analyze the behavior (both static and dynamic) in structures with some discontinuities in loading, material properties or in its geometry. Thus, this method is applied to solve many problems especially in vibration analysis. The fish-robot prototype is composed of 19 ribs (excluding the head and the tail) made of 3D-printed ABS plastic that form the distributed masses.
Structure of the paper
In the following sections, we develop the method proposed for analyzing the vibrarion of a non-uniform cantilever with distributed masses. Initially the method adopts the Differential Quadrature Element Method (DQEM, see Section 2) to get high accuracy for estimating the boundary conditions in more than two points. This method is more efficient than the one presented by Timoshenko for each section along the beam. Then, in Section 3, governing equations are set for the free vibration using the Timoshenko beam. We don't use the Euler-Bernoulli beam theory because in this study the beam thickness is very small. Section 4 shows the accuracy of the proposed DQEM, which is verified by comparison with the exact solutions of the uniform Timoshenko beam presented by other researchers. Finally, we present an application of the proposed method to our concrete case.
Differential quadrature method
The Differential quadrature method allows expressing function derivatives in x = x¿ in terms of the value of function along the domain as: 
A(r-1)..A(1).._ A('-I).
(2)
Using a set of grid points (blue dots pot Fig. 2 ) following Gauss-Lobatto-Chebyshev points for interval [0,1] we have
, ( This set of grid point shows the compression of the two end points in the interval [0,1], providing in this way high accuracy for estimating the value of the derivative of the function at the boundary points.
3 Vibration analysis 3.1 Governing equations Figure 2 shows the fish-robot backbone. Note that the mass of each rib is different and the backbone is non-uniform. The entire surface is modelled like a nonuniform cantilever Timoshenko beam. The Free Vibration governing equations for a Timoshenko beam with distributed masses are written as [20] :
where w(x,t) is vertical displacement. The term k is introduced to take into account the geometry dependent distribution of the shear stress and depends on the shape of the section and the Poisson ratio of the material [10] . The displacement w{x, t) and rotation ip(x, t) can be assumed as the product of the functions W(x) and \P{x) which only depend on the spatial coordinate x and a time dependent harmonic function as Substituting the Equations 5 into the set of Equations 4, we obtain
The second moment of inertia and cross-sectional area are written in the following dimensionless form:
where lo and Ao are values of the moment of inertia and cross-section at the clamped edge of the beam. For the i* sub-beam, the set of Eqs.6 are written as
Introducing the dimensionless parameters:
the set of Eqs.8 can be rewritten as
where
Assuming all grid points are the same for the sub-beams, then
Thus, Eq. 10 can be simplified: 
Furthermore, we introduce a modified form of the weighting coefficients of element i to simplify the DQ analogue equations defined as
Using Eq. 14, we obtain for the governing set of equations of element i the DQ analogue:
where 
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The "diag" operator provides the diagonal matrices. In order to separate the domain, boundary, adjacent displacement and rotation components, Equations (18) 
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Compatibility conditions
In the following, we analyse the compatibility conditions that link the inertia and elasticity of the beam with the distributes masses.
Around of each concentrated mass, effects [a:~,a:+], neglecting the moment of inertia of the concentrated mass, the compatibility conditions are continuous in the vertical displacement and rotation due to the acceleration of distributed masses that produce a bending moment and alike discontinuous in the transverse force.
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where m¿, M, V are the translational inertia of the i* concentrated mass, the bending moment and shear force respectively, which are presented for i* sub-beam as [20] 
Compatibility Conditions can be expressed in the DQ form as
we can define the dimensionless translational inertias of the i concentrated mass as
Eq.24 can be rewritten in matrix form as
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Boundary conditions
The boundary conditions for a cantilever beam (robot fish backbone) depicted in Fig. 2 can be considered as
Eq.35 can be rewritten using Eq.23 as
In the DQ form, Eq. (36) can be indicated as
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Eqs.37 and 38 can be rewritten and sectioned in order to separate the components (boundary, domain, adjacent displacement and rotation) 
Replacing Eq.41 into the set of Eqs.20 and 30, a new set of equations is obtained
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Using Eq.44, we can determine the natural frequencies and corresponding mode shapes. The corresponding mode shapes can be completed using the Eqs.31 and 41. It should be noted that the number of grid points affects the results. The number of grid points must be determined to satisfy the following relation for convergence of first n frequencies:
where e is considered as 0.01 in this study. 
Numerical comparison
In order to assess the effectiveness of the proposed method, we have compared its accuracy with the exact solution obtained with the method proposed by Lee and Len [14] . We applied both methods to a cantilever Timoshenko beam with (v = 0.25, A: = 2/3), an attached tip mass (a = 0.32), beam cross-sectional properties A = Ao(l -0.4£) and I = Io(l -0.4£) 3 for a slenderness ratio r of 0.1 and 0.04 as shown in Table. 1. Also it can be observed the good accuracy for the proposed method. 
Practical application
Our ultimate purpose was to analyze the natural frequency in the robot-fish we are developing, in order to optimize its energy efficiency. Therefore, we have applied our method to the physical prototype using the setup depicted Fig. 3 . The parameters modelling the robot fish body as a conical Timoshenko beam where: slender ratio (r = 1.03), elastic section modulus (s = 2.58), diameter variation d = do(l -0.5£) and uniformly spaced distributed masses (a = 1.3). The number of distributed masses (n) are 19. The first three modes are depicted in Fig.6 In order to analyse the behavior of the backbone, the tail was set to its inicial position and then released. Fig. 4 shows the evolution of this movement. A complete tail beat lasted 6 seconds. White marks in the tail were used to allow a particle tracking software to find the free vibration response (Fig. 5a ) and the experimental Natural Frequency (Fig. 5b) , using a camera to capture the movement at 60 frames per second.
From the analysis of the images recorded, the natural frequency of the structure obtained experimentally was 1.873. 
Conclusions
In this work, we proposed the use of a theoretical model to find the Natural frequency of a Fish-like Robot with distributed masses along a flexible, continuous and non-uniform backbone. The Theoretical model proposed can be used for the beams with a large number of sections and capable of analyse the non-uniform beams with any variation in the cross section and moment of inertia. A comparison with an exact method for a set of cases where this could be applied assessed the goodness of the proposed method.
Comparing the data obtained experimentally for a physical prototype we could confirm that our method can effectively be used to analyse the free vibration in beams whose section is an arbitrary function, and with distributed masses.
Note the small variation of 0.2519 between the theoretical value (1.873) an the one obtained experimentally (2.1249 ). This is due to the flexible skin, whose effect was not considered. Adding the effects of the skin in the theoretical model will be object of future work.
